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Nonlinear Analysis or Ser_EЖ dted OscinatiOn or a C10sed.En・

gine‐Govemor Loop
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Most past research work on  the selF― excited osci■ ■ation ca■lod ■ow…
speed  hunting oF  a  c■ o8ed―engine―governor ■oop  has been  devoted to
distingulghing  the  divergence  of  a sma■ ■  disturbance   at  a given
equ■■ibriun state,  resu■ting in a hunting  estimation  difFerent  From
that oF  the act,1・ ■ system.  In addition,  it is  impo8Sib■ e to predict
whether  the ■imit cyc■e wi■■ occll, Or nOt.   In order to  exp■ain  the
mechanism oF llmit cyc■ e evo■ ution, the previous work derived a single―
degree― oF―Freedom difFerentia■  equat■ on,  which app■ los simp■e physica■
reasoning to the the mechanism oF non■ inear negative damping force  and
■init cyc■e evo■ utiono  The present work provides  a Fina■  amplitude of
llmit cycle to which the motion w■ ■■ bui■d from an energy consideration
on  the basis oF  the  approximate non■ inear  se■ f―oxcited  oscil■ ation
system.  Further, it gives a much c■ oser amplltude to the actu81 0ne by
emp■ oying a more accurate  approximation oF the non■ inear engine torque
characteristic8.
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X  =fue■  contro■  rack disp■ acement.

。 =equi■ ibrium state.

I. INTRODUCT10N

The engine torque ■ncreases with an ■ncrea8■ng engine speed except in  high  speed
running, because a Fue■  injection pump with its Fuel oontrol rack locked de■ ivers an
increased quantity oF fue■  in each injection with an increased engine speed, so that
the equ■ ■ibrium of the idling speed i3 Statica■ ■y unstablee To get rid  oF  this,  a
governor is additiona■ ■y provided. However, in a governed dieSe■  engine, the  id■ing
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This phenomenon is a prOb■ em of contro■  of a c■ osed ■oop  composed  of the engine
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most of the past research work   on   engine  speed  hunting  has  been  devoted  to
discriminating the divergence oF a sma■ l  disturbance given at an equi■ ibrium state,
resu■ting in a hunting estimation different from that of  the  actua■  system.   The
Fluctuation becomes ■arger and hunting region extends to the higher speed range w■ th
decreas■ ng engine s■ ze and increasing engine performance at Fu■ 1 ■oad, so  that  the
aIBp■ itude of ■imit cyc■ e is oF great importance, not only from  the  view  point  of
non■ inear osci■■ation but a■ so from that oF design of governing system.

dev:1:::t:it:iluli:l:Inき lel::i.1111:i・ ilth l° 1:]:e ll:Iitl:::'3'15'mallwe;:li・ liti::
■eFt unso■ved to expla■ n ana■ytica■■y the mechan■ sm of lin■ t cyc■ e evolutiono  For a
better understanding oF the phenom■ na, it is desirab■e to obtain the  amp■ itude  and
frequency oF the ■imit cyc■ e ana■ ytica■■y。

The prev■ous work   derived  a  s■ nglettdegree― of―freedom  difFerential  equatiOn
noting the  phenomenon  oF  very  s■ ow  frequency,  which  applies  simp■ e  physica■
reason■ng to the mechan■ sm oF non■inear negative  damping  Force  which  causes   an
instabi■ ity  and limit  cyc■ e  evo■ution,  resu■ ting   from   a   concept   of   the
non■ inear  dynamic Feedback… torque ga■n compos■ng  a  static  Feedback― torque   gain
and  a  virtual  time constant  depending  on  the  phase  relations   between   the
Feedback…torque  and  the engine speed.

The present work provides a Fina■  amp■ itude oF ■imit cyc■ e to  which  the  motiOn
w■■■ bul■d up From a energy cons■ deration on the bas■ 8 0F the approx■ mate  non■ inear
self―exc■ ted osci■■ation system. It a■ 80 gives ana■ ytica■■y a  c■ oser  amp■itude  to
that of the actua■ governing system by employing higher p01ynomia■  approximation  of

Fig。 1。 Examp■e of recorded hunting
the swirl_chamber type with
(800 rpm).

behav■ or oF a Four― cy■inder
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E■ 91o0
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Fuel            Torqu●
fl●●

Fig。 2. B■ ock diagram of a closed― engine―governor ■oop.



Nonlinear Analysis of Self‐ Excited C)scillation

non■inear engine torque characteristic8。

1工。 STEADY STATE AMPLITUDE OF LIMIT CICLE

2.1爆
:p:=壼輩::∫:愛譜:露e:::iettt:鮮 學野ti°n

A difFerentia■  equation oF an approximated eing■ o―degroo― oF‐freedom  system  oF  a
c■oged ongine‐ governor loop is given by Eq.(1)with  respect  to  the  engine  spood

::Iil:t:listi::1 9:｀
1-11'u・・

1キ,II: s:lil:xcllod :tite :ISti。   :1。 30dlliginef::l:11:i
loop is  a  310W  Frequency oscl■ ■ation be■ow 2 or 3 Hz。   (2) Tho  ob8erVed  engine
speed Fluctuation with a large amp■ itude 18 near■ y harmonic, which  means  that  the
negative damping Force  18  gmall in compari30n tO the e■ astic and inertia Forces oF
the motion.   (3) The  Frequency  oF  a  dynamical■ y  unstablo  ooci■ lation  oF   a
■inear■ ized  diFFerentia■  equat■ on  oF  a c■ o30d ■00p agrees  we■ ■  with  that   of
th0   0b8erVed   steady   state   self― excited  oscillation.    (4)  The    ql,・ 7●tic
chn"acteristic eql,ntion oF the c■osed  ■oop  has  two  rea■  roots  and  a  pair  oF
conjugate comp■ ex root3。   TheSe two  real    roots   have   ■arge  negative  va■ues,
according■y  stabil■ty  for   smnl l  oscl■ lation3  depend8  0n   the  representative
comp■ox   characteristic root. (5)The Frequenclos are a■ ■ost  the  same  over  the
engine speed range where the se■ f_oxcited osci■ lation occur8.

MT瓦
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+CT蔦 +KTn=0

MT = 」e
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where

CT =

KT=

(J。 
― GTsTF)

(TP + G。/K)

GTs。

(Tp + Ce/k)

(2)

(3)

(4)
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(7)
(TPCe + me)

TF =
(TPk+Ce)

The three terms in Eq。 (1)are the equivalont inertia Force, the equiva■ ent damping
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deve■op depends on the naturo oF the non■ inearitye   The  energy  is  put  into  the
system during each cyc■ e when the dynamic  Feedback― torque  GTsTF(an/dt) is  ■arger
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2。 2 Approx■mation of torque characteristics with cubic equation

The simp■ost possib■ e mathematica■  oxpress■on for the non■ inearity oF the s■ opo  of

the torque can be written a8

(些)=a+Ⅸ +cx2
0X
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non■inear damping is

町幸―(%― C2h+(』)]2)豊 +KT n=O        191

where

_[」e+GxTFC(B2/(4C2)_A/C)]

(8)

Cl =

C2 =

[TP + Ce/K]

― GxTFC

(10)
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(TP + Ce/K)
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C = cGx`
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Fuo■ rack disp■ acement. The  Constant  A
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on■y the sma■ l Anmping force causes a devi
assume har■ onic motion

n(t)= nosiコΩt

Ω=(KT/MT)1/2



Nonlinear Analysis of Self‐ Exdted Oscilla● on

The Fina■ amp■ itude to which the ■otion w■ ■l bu■ld up can be  Found From  an  energy
consideration. For amp■ itudes  sma■ ■er  than  this  Fina■   one,  the  damping  Force

:三1甘(1:)』蹴 in「:Itti諸:::l:ry:t駕 `tttili」 lrattilil‖
eleg露

;:el。1電
nfttlecy:l‖
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L =∫  CT(dn/dt)dn = o
°r         

∫{―Cl+ C2[n +(B/2C)]2 }(dn/dt)dn = 0

Thus the amp■ itude oF ■lmit cyc■e no is

nO : :::1//:: : 1:′
:きillイ

'2Further Eq。 (19)can be written as

n。 =2[(J。/GxTF~・ )/C]1/2

・ 2[(Je/GxTF~(3 To/3X)。 )/(CGx2)]1/2

(些)=a+bx+cX2+dx3
3X

2。 3 Approximation oF torque characteristics w■ th quartic equation

The non■ ■■oarity 18 particu■ary  strong  in  the  rogiong  where  the  Fuo■   rack
disp■acoment or the Fue■  del■very 18 8ma■ 1, ghowlng a very sma■ 1 ●■opo oF the  shaFt
torque due to the characteristic8  1nherent  in  the  Fuol  injection  pump  itge■ f.

According■y, the approximatlon w■ th cubic equatlon  is  diFferent  From  the  actua■
torque characteristics where the rack displacement  i3  quite  sma■■.  In  order  to
obtain a suFficientry accurate approximatlon for the actual torque  characteristics,
ve w■■■ employ a  quartic equation.  Then,  the   mathomatica■  oxpro38■On  fOr  the
non■inearity oF the 3■Op0 0F the shaFt torquo can be written as

(18)

(19)

(20)

(21)

where the congtant8 a, b, C, d are deter■ ined 80  a8  tO  SatisFy  a  ■arge   number
oF  exPerimenta■ data using tho  least  BqllnT30  ■Othodo  From  Eq8。 (3),(5),(12) and
Eq。 (21), the nOnlinear damping coeFFicient beco■ o8

口。―GxTメA+h+Cn2+Dn3)]
(22)CT =

(TP + Ce/K)

The Fina■ amp■ itude to which the motlon wi■ ■ bu■■d up can be  Found from an energy
COn31deratlon Eq。 (18)on the a38umption3 0F Eq8。 (16),(17),for which the procedure 18
sin■ ln,。  Thus the amp■itudo oF linit cyc■o no i3

n。 =2[(」。/GxTF~A)/C]1/2

=2[(」。/GxTF~(aTe/3X)。 )/((c+3dX。 )Gx2)]1/2 (23)

which is the 8ame Form as Eq.(20).

I11。 APPLICATION TO AN ACTUAL GOVERNING SISTEM

3.l  Amp■itude oF Linit Cyc■e wlth a Cubic Approximation oF Torque Characteristic8

。∫続y:組r輩:遭m批:::露
t遭

:計1°t:Ll° :t露1。

°
:。lum:°五:轟l量:°1。
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z8:IPk:。 m:霊:1°
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Fuol injection pump having plunger8 6.5 mm in  diameter,with a Bo8h‐ type individll■ 1

cam liFt 8 mm high, Where the symbo■  ■・ tt ■oans  the  experinenta■    data   and   the

curve  ■s  the approxlmatlon with a cubic equat■ on obtained u8ing the  10ast  square
the rack d18p■ aCement 2 mm。approximation except below■othods, WhiCh gives a good

に:冨霊
1°

1電ti l拶盤霊電:出監m:li:liCrtti:alhe
Figure 4 18 a mathematical

and   is  negative  For  the
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oqull■briun state(n=0).  Itli al::。
l:1lgilat :五 ebeC::::1latl::ed,iSacc:ilil:iy tl:speed deviation over +20  r:ine  gp00d  below  equ■

■ibrloF 
■lmit cyc■e to whiCh  the

becomes nogative For the eni  Thus, the Fina■
 amp■itude03Cl■■ation ■8 80■F―oxcited.                            consideratlone

osci■ lation wi■■ bulld up can be Found from an  energy
showing the bu■ ■ding up  ofFigure 5 1s the resu■ t8 0F the integration oF Eq.(1),
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Fige5。  Integration oF Eq.(1)in cOmbination wlth the qubic torque approx■ matlon,
showlng the bul■ding up oF an osci■■ation to ite Fina■ amp■ltuao
( 800 rpm, n(0)=12 ipm).
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Fig.6.ti:::=:len格
)1lri謡 ):・

ane with the qubic torquc approx■ mation。

a non■inear, se■ f―excited osci■ lation to its Fina■ amp■ itude r3SpOnding to a   Sma■ ■

step increment oF the  engine  speed.   Figure 6 shows   the   calCu■ated  transient

behavior on a pha80 plane plotting engine speed acceleration  versus  engine  speed,
indicating deve■opment oF a clockwise limit cycloo  The trajectories near the  ■imit

cycle spira■  on to it From its inside and outsidee

9∫llimttli∫ :£
Or::壼

teolitteX:li Ciltt・
ated ana■ytical■y from町 .(2の is about

egration  of  Eq.(1) being  98  rpm,  the
experinenta■  resu■ts being about 100～  115 rpm.

3。 2 Amplitudo of Limit Cyc■ e with a Qllnrtic Approximation oF Torque Characteristics

Figure 7 showS the shaFt torque at 800 rp口 ,  where  the  symbol  ':・ "  means  the
experinenta■   data  ana  the  curve  is  the approximation wlth a qll・ ,tic  equation,

which gives a  suFFiciently  c■ ose  approxination  to  the  actua■   characteristics.
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轟 蹄 蠍 露 T棋 1難
dingly  a  sma■ ■  oscillation   bui■ ds  up
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::
he   oscl■lation  i3   damped.  The  Fina■

th:・l::lit:folill: II:l:T:11。 leof°

ul:.1千

;m an  energy  consideration.    Figure 9 1sin  combination  with  a  quartic  torque
approximatlo■, 3hOWlng the bullding up of an  osci■ ■ation  to  its  Fina■   amp■itude

responding to a  sma■ ■ step increment oF the  engine speedo   Figll■ o  10  shows  the

ca■cu■ated transient behavior with a quartic torque approximation on a  phase  p■ ane

p■otting engine speed acce■ eration versus el:t:: :1:i;tica..y from Eq。
(23)18  abOut

:」lillι i堪11:::鵜ti::lig:釜撫
:I:::ず

聴
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H:plit」::d igllllintril:h ti:eexpllim:ll1l he Frequency the ca■

cu■ated resu■ t is 2.2
va■uc oF about 2。 O Hz.

IV. RB4ARKS ON THE AMPLITUDE OF LIMIT CICLE
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Nonlinear Analysis of Self‐ Excited Oscillation

Fig.10. Linit oyc■e in a phase plane w■ th the qllnrtic torque approximation.
( 800 rpm, n(0)=12 rpm).

V. CONCLUS10NS

The present work ha●  ana■ytical■y provided a Final amp■ ■tudo Of  ■imit  cyc■ e  to
which the  motion  wo■ ud  bul■ d  up  on  the  bes■ 8  0F  the  approximate  non■ inear
diFFerentia■  equation  oF  a  c■ osed―engine―governor  ■oop,  which  gives  a  simp■ o
physica■  reasoning to the ■init cyc■e evo■ ution. There  ■8  energy  input  during  a
cyc■e when the dynanic Feedback_torque  i3  ■arger  than  the inertia torque.   This
increases the amplitudo, and the energy put in by  the  negative  damping  Force  is
neutra■ ized by the energy dis3■ pated by the positive Force  at  the Fina■   amp■itude
because oF the non■ inear■ ty oF the steady torque character■ stics  oF an engine.

The ana■ ytica■ 30■ution of limit cyc■ o agrees wol■  w■th the exper■ ment, when  the
nu■ler■cal data oF a Foll,― Cylinder Foll,― StrOke engine or the  sw■ rl―chamber  type  in
combination with a BOsh― type individua■  Fuo■ injectlon pump are given.

け }:illilil‖:山 ,°L:1驚 icF=:曇 I::縄
t:in露

11:t酵:・:litぶ
C・

:.。::d ttl普 11::
governor ■oop on the amp■ itude of limit cyc■e can be estimatede
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