Analysis of Impact Phenomena in a Tennis
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The performance of a tennis racket in terms of the coefficient of restitution (COR)
is closely related to impact phenomena. This paper investigates the effects of frame
vibrations on the coefficient of restitution and the contact time during impact of a ball/
string system and a simulated frame model, using FEM simulation and modal analysis.
The results show that the COR is mainly affected by a rigid motion and a bending
vibration with two nodes of racket frame. In addition, the COR increases with an
increase of frame rigidity, but then saturates at a certain rigidity depending on the
impact velocity. Furthermore, the COR increases as the impact point approaches the

center of rotation and the node of racket frame vibration.
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1. Introduction

1.1 Background and current research themes

Material composites have increased the degree of
freedom of design and manufacturing for sports prod-
ucts. At the current stage, very specific designs are
targeted to match the physical and technical levels of
each user.

The performance of a racket can be evaluated
with regard to physical characteristics such as weight
distribution, rigidity distribution, face size, and string
tension, if the behavior of the racket from the time of
ball impact at a certain speed and angle to the time of
ball release (contact time) is clarified and the result-
ing ball speed and spin become known.

However, ball and racket impact is an instantane-
ous non-linear phenomenon (contact time is 6 - 3 ms,
with shorter times at higher impact speeds) creating
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large deformations in the ball/string and vibrations in
the racket. The problem is further complicated by the
involvement of humans in the actual strokes. These
problems make analysis extremely difficult. There-
fore, there are many unknown factors involved in the
mechanisms explaining how the interrelated actions
of the strings, frame, and ball influence the racket
capabilities!™.

Matuhisa et al.®® investigated the restitution char-
acteristics for a frontal impact between a racket and
ball using a model with the tennis ball/string approx-
imated by a 1 degree of freedom vibration system, the
frame approximated by a uniform cross-sectional
beam, and the arm approximated by a limited degree
of freedom. Their results showed an influence of
frame bending rigidity on restitution characteristics
that is almost nonexistent in actual rackets with
looser strings resulting in better recovery. Although
the model is simple and is able to determine the .
impact characteristics, the strong non-linearity of
string restoring characteristics is not considered and
the correlation between the impact point and the
frame vibration modes are not mentioned.

Yamaguchi et al.®® used a limited degree of free-
dom linear spring and mass system to approximate
the ball/string and a uniform cross-sectional beam to
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approximate the frame in order to investigate the
restitution characteristics of a frontal impact between
a racket and ball using a calculation by the finite-
element method. Although this research is very inter-
esting, the following problems still remain: (1)
Although the influence of the spring constant of the
strings at a fixed impact speed (30 m/s) is investigat-
ed, when the extremely low impact speed range is
excluded, the equivalent spring constants of the ball
and strings are determined primarily by the impact
speed and does not change appreciably due to the non-
linear restoring characteristics, even when the initial
tension of the strings is changed®. When the impact
speed is approximately 20m/s, actual measured
results have shown almost unchanged contact times
and impact forces, even when the initial string tension
is different®. (2) The restitution characteristics are
discussed from the standpoint of matching the natural
frequencies of the beam and ball. However, since the
spring rigidity of the strings is similar to that of the
ball®, the natural frequencies of the frame should
probably be compared to the frequency of the com-
pound ball/string system. (3) Impact is an instanta-
neous transient phenomenon. The frequency of the
ball/string system changes with increases in deforma-
tion caused by the non-linear restoring characteris-
tics. The impact force spectrum also includes compo-
nents from the zero frequency®. Since the equivalent
spring constant increases with increases in the impact
speed, the frequency of the ball/string system also
varies greatly depending on the impact speed. With
these types of phenomena, the matching principles for
frequencies are difficult to apply, and therefore
require further investigation. (4) The reason for
good rebound when impact is at a position near the
center of gravity of the beam was presumed to be the
support from the first order vibration modes of a
beam with free ends. However, calculations showed
that when the rigidity of the beam is low, restitution
rapidly deteriorates for an impact at the position at
the antinode of the vibration while remaining nearly
constant for an impact at the nodes. This contradicts
the above hypothesis. (5) Since the ball/string
energy loss at impact are ignored, further investiga-
tion is required in this area.

Assuming impact at the near (off center) of the
string face near the center of gravity of the racket and
based on measured results, Takatuka® approximated
the ball to a concentrated mass and spring, the strings
to a spring, and the frame to 2 equivalent masses and
a single spring system. Using these approximations, a
3 mass-2 spring model with no energy loss was used to
investigate the relationship between restitution char-
acteristics and frame rigidity. Although this model
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simplifies the impact system, it provides a qualitative
explanation of the increase in restitution characteris-
tics accompanying increased frame bending rigidity
(increased bending frequency) in the experiments and
by experience. However, the calculations using this
model use many measured values found from impact
experiments. Therefore it is not possible to analyze
impact at any given impact speed and point using this
method.

On the other hand, Kawazoe™ ® determined
impact forces and contact times using impact analysis
on a rigid frame and a one degree of freedom model
for a compound ball/string system, considering the
strong non-linearity of ball/string restoring charac-
teristics and the energy loss. By applying the results
to a vibrational model for a racket identified experi-
mentally, the racket response was determined and the
distribution of the coefficient of restitution was
predicted. The predicted values of the coefficient for
restitution at any given impact speed and position
agree well with experimental results. The model
provides an explanation for the mechanism of impact
phenomena related to restitution characteristics. The
model can also provide a physical explanation of the
vibration acceleration waveform of the racket handle
and wrist joint in actual impact experiments®.
However, there is no theoretical proof for the basic
assumption of a rigid frame when elucidating contact
time and impact force between the racket and ball.

1.2 Purpose of this research

In the present study, a previously reported com-
pound ball/string system with a single degree of free-
dom was used and the frame was approximated by a
beam with steps. The finite-element method was then
used to simulate behavior during impact. The finite-
element model of a beam with steps brings the center
of gravity position and the frequencies of first and
second order into agreement with the actual system.
Moreover, the energy loss at the time of impact
between the ball/string was investigated and the
influence of frame vibration on contact time and
restitution characteristics for the ball and racket was
analytically clarified. However, this analysis assumed
a frontal impact between the ball and racket with no
ball rotation (spin).

2. Impact Model and Simulation
Calculation Method

2.1 Single degree of freedom model for com-
pound ball/string system

2.1.1 Equivalent spring constant of compound

ball/string system  Figure 1(a) shows a com-

pound ball/string system with a single degree of free-

dom. In this case, a ball of velocity Vo is assumed to
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strike a racket with the frame around the strings
(racket head) clamped. The ball at the time of
impact is assumed to deform only on the side in
contact with the strings. A ball with the mass concen-
trated at the center of the actual ball is assumed to
impact the clamped frame through the compound
ball/string spring and the compound damping. Figure
1(b) shows the model for impact of the compound
ball/string system of Fig.1(a) on a beam with steps
imitating the racket frame.

The spring rigidity K¢z of the compound ball/
string system in Figure 1(2) is largely dependent on
impact velocity and the spring becomes harder as the
deformation increases®. Therefore, the spring rigid-
ity also changes moment by moment during the
impact. Based on the experimental results showing
that contact time is nearly unaffected by frame
rigidity®, the frame is assumed to be a rigid body over
the contact time and the contact time itself is assumed
to be 1/2 of the period of the system consisting of the
compound ball/string and the rigid frame. By using
these assumptions and introducing the constant equiv-
alent force Fuean(/F(¢)dt = Fyzan+ T¢) during the con-
tact time 7., the equivalent spring constant Kes for
the compound ball/string system can be determined at
any given impact velocity®. Figure 2 shows the
calculation results for Kgs for the compound ball/
string system when the ball impacts on the racket
strings at the top, the center, and the near. The
horizontal axis is the impact velocity. The racket was
a normal conventional racket (standard frame rigid-
ity) made from fiberglass, graphite and Kevlar with a
mass of 360 g and an initial string tension of 55 Ib (246
N).

Although the equivalent spring constant of the
compound ball/string system is somewhat different,
depending on the impact location on the racket sur-

face, the purpose of the present study was to deter-

mine how ball rebound velocity in particular is
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Fig. 1 Compound ball/string system and racket frame
model
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affected by frame vibration. Therefore, an average
value was used for the the racket face and the impact
calculations were carried out. In other words, Ksz=
2.74X10* N/m was used for an impact velocity of 20
m/s, Kez=5%10* N/m was used for an impact veloc-
ity of 30 m/s, and Kez=8.33 X 10* N/m was used for an
impact velocity of 40 m/s.

2.1.2 Equivalent damping coefficient of com- .
pound ball/string system Ball displacement x:
and velocity dxi/dt(=Vs) are derived in the com-
pound ball/string system shown in Fig.1(a). Since
the ball separates from the strings when the ball/
string deformation restores, if displacement x1 is
assumed to be 0 when #= 7, (T¢: Contact time when
the frame is clamped), contact time 7. can be
obtained. In addition, when contact time 7¢ is sub-
stituted into the equation of dxi/dt, the velocity Vz of
the ball when separating from the strings can be
determined. That is, the contact time 7. and the
velocity Vz of the ball when separating from the
strings can be expressed by the equations below.

Te=rlwa (1)

VB:'VBO EXD<“.Q§TC) (2)
Where :

Q=VKes/ms, ¢=Cos/2/msKes,

a)d=!2 v 1—- § 2 ( 3 )

When a ball strikes the strings with the frame
around the strings (racket head) clamped with an
impact velocity in the range of a normal swing, the
coefficient of restitution (ratio of ball rebound veloc-
ity to incident velocity) is almost independent of the
tension and impact velocity, and is nearly constant, as
shown in Fig.3®. When the restitution coefficient
value of 0.83 is assumed to be characteristic of
impacts between a ball and strings, the ball rebound

velocity for Fig.1(a) can be expressed as follows.

Ve=—0.83 Va0 (4)
From Eq.(2) and Eq.(4), the equivalent damping
coefficient ratio of the single degree of freedom

;
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3
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Fig. 2 Relationship between equivalent spring constant

and impact velocity in a compound ball/string
system
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compound ball/string system model is approximately
0.059 and it is not dependent on impact velocity. Since
equivalent spring rigidity Kes of the compound system
increases as the impact velocity increases, the in-
dependence of the damping coefficient ratio with
respect to impact velocity means that damping
coefficient Ces is proportional to Kes"? and increases
with increases in impact velocity.
2.2 Frame model

Figure 1(b) shows the model for impact of the
compound ball/string system of Fig.1(2a) on a beam
with steps and no restrictions (free) imitating the
racket frame. In this model, the overall length (L=
630 mm), weight (360 g, including the strings), center
of gravity position (308 mm from the end of the grip)
and first order (2 node bending) and second order (3
node bending) natural frequencies (122 Hz and 337
Hz) become in agreement with an actual racket sys-
tem by creating a beam with steps from a uniform
cross-sectional beam at 204 mm from the grip side
and 476 mm from the top side. The equivalent bend-
ing rigidity E1 and equivalent mass 0A per unit length
are EL=146 Nm® and pA,=0.696 kg/m on the grip
side and EL=1285Nm? (=0.88 EI) and 0A>=0.458
kg/m (=0.6590A:) on the top side. The effect of
frame vibration on contact time was investigated by
simulation using this model. Figure 4 shows the
vibration modes of the beam with steps. The node
positions for the first mode are 0.200L and 0.769L
from the end of the grip. The node locations of the
second mode are 0.1251, 0.484L, and 0.864L. Third
mode frequency also approached the actual measured
values.

2.3 Simulation calculation method

In the model from Fig.1(b), the ball is assumed
to be a mass and the frame (beam with steps) is
divided into 20 beam elements and discretized using
the finite-element method. Although the problem of

COR €BG
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Incident Velocity

Fig. 3 Coefficient of restitution (ratio of ball rebound
velocity to incident velocity) when a ball strikes
strings in a clamped frame (racket head)
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setting boundary conditions for a racket in actual use
has yet to be solved, vibration modes found by experi-
mental modal analyses with the racket handles
supported by hand are very similar to vibration modes
with the racket unrestricted (racket laying on a soft
sponge during the experiment)@®. Therefore, the
boundary conditions were assumed to be free in all
areas. The degree of freedom for the entire system is
43. The simulation was executed by direct integration
based on the Runge-Kutta method. Time interval 4¢
was 1077 to 107® seconds. Impact completion was
assumed to be the point at which Kz of the compound
ball/string system changed from compression to ten-
sion.

3. Simulation Calculation Results and Discussion

3.1 Impact behavior and ball rebound velocity

The calculation results for impact behavior when
a ball with a velocity of 20 m/s strikes a stationary
racket are shown in Figs. 5,6, and 7. In each of the
figures (@) is the standard racket (El;=146 Nm? and
(b) is the case in which frame rigidity is increased about
68-fold (EL,=9999 Nm?). The figures show the results
when the impact point is on the grip side (0.60L),
middle (0.75L), and top side (0.90L) in the impact
zone. The impact point at 0.75L is near the node of
the first vibration mode (2 node) of the frame. The
upper areas of the figures show time histories for ball
displacement and displacement at the impact point
and both ends of the beam model. The middle areas
of the figures show the velocities of each point and the
lower areas show the deformation changes over time
for the ball and frame (beam with steps). When the
ball deformation and displacement at the impact point
on the beam with steps are in agreement, the ball
separates from the racket. The drawings in (¢ ) show
the deformations over time for EL=9999 Nm® as
drawn from the deformations when EL=146 Nm®
The following points can be derived from these
figures: (1) The EL=9999 Nm® frame can be
assumed to be nearly a rigid body. (2) At the 0.60L
and 0.90L impact points, substantial deformation due
to vibration remains in the frame at the completion

337.1Hz

Fig. 4 Vibration modes of a beam with steps imitating a
racket frame
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time of impact. The deformation shape is similar to
the first order vibration mode of the frame. (3) At
the 0.75L impact point, there is little deformation due
to frame vibration. (4) Frame rotation increases as
the impact point moves away from the center of
gravity (0.453L).
3.2 Effect of frame vibration on coeflicient of
restitution

Figure 8 shows the changes in coefficient of resti-
tution (ratio of ball rebound velocity to incident
velocity) caused by different impact points for the
standard frame (EL=146 Nm?® and the rigid frame
(EL,=9999 Nm?®. The coefficient of restitution for
the rigid frame decreases almost linearly as the
impact point moves away from the center of gravity.
However, for the standard frame, in addition to the
changes seen with the rigid frame, the coefficient of
restitution decreases as the impact point moves away
from the node position of the first order vibration of
the frame (0.769L).

3.3 Effect of frame vibration on contact time

Figure 9 shows the changes in contact time at the
impact point for the standard and rigid frames when
damping of the compound ball/string system is taken
into consideration (£=0.059) and when there is no
damping. From this figure, the contact time was
found to decrease as the impact point moves away
from the center of gravity (to the outside). In addi-
tion, differences in frame rigidity and damping of the
compound ball/string system resulted in almost no
difference in the contact time.

4. Impact Analysis of Ball and Racket System and
Discussion of Racket Restitution Capabilities

4.1 Impact analysis of compound ball/string
system and rigid frame
For simplicity in the discussion, an impact model

COR e

Veo =20.0 m/s
0.5 ¢ =0.059
0.4+
0.3
0.24 El1=9999 Nm?
0.1 Eh =146 Nm?

Impact point

T T T T T T T T T

(Near) 0.6L 0.7L 0.8L 0.9L (Top)

Fig. 8 Coefficient of restitution for standard and rigid
frames (ratio of ball rebound velocity to incident
velocity)
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shown in Fig.10 is analyzed wherein the frame is
taken to be a rigid body and the damping from the
compound ball/string system is ignored. The frame
mass is assumed to be mg, the moment of inertia
around the center of gravity is assumed to be Iz, and
the distance between the center of gravity of the
frame and the impact point is assumed to be d. Based
on these definitions, the angular frequency @ for the
model, excluding rigid movement (since the center of
gravity for the frame and the impact position are
different, there is some translation and rotation move-
ment of the frame), can be expressed as follows.

a):«/{(l"i-a)MB+mR}KGB/(MBMR) (5)
where
a=d?/(Ix/mz) (6)

After impact on the frame through compound
spring Kes at impact velocity Vo, the ball velocity
dX./dt becomes the following.

dXi/dt=Vr+ Va+ Vi cos wt (7)
5 %ms Veo =20.0 m/s
4 “\L\J\;\\_’\j
3

Eli= 146 Nm2, {=0.059
Elv= 9989 Nm2, {=0.059
Elv= 146 Nm2, {=0

Els = 8899 Nm2, {=0
Rigid frame (exact)

| xo+e

Impact point
T T T T T T T T T

(Near) 0.6L 0.7L 0.8L 0.9L (Top)

Fig. 9 Contact time at impact points for standard and
rigid frames (when consideration of damping of
ball/string system is included and not included)

. Kes
[ x

83
- X3
Mg

T——a—
~L

L4 .

Fig. 10 Analysis model when frame is taken as rigid
body and damping of compound ball/string sys-
tem is ignored
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Where Vr, Vi, and Vi are the velocity components of
translation and rotation for the rigid body, and of
characteristic vibration and expressed as follows :

VT: Vsomg/(mg—i- WLR> ( 8 )

Ve= VBoll/MBmR/[{mB+ mR}{(l +a)ms+ me}]
(9)

Vi= Veomz/{(1+ a)ms+ me} (10)

The contact time 7¢ and ball rebound velocity Vs then
become the following :

Tc: 7'[/(!): 7[«/7%31%1? /\/{(1 + L?)MB+ WLR}KGB (11)

Ve=Vr+ Vae— V= VBo{(l‘FQ)WLB—WLR}

/{(1+CK)W’LB‘|‘WLR} (12)
When the mz, Ir, and d values of the standard frame
are used, the results of contact time 7. from Eq.(11)
becomes a solid line in Fig.9. Contact time 7. is
clearly controlled primarily by Eq.(11).
4.2 Modal Analysis of System Containing Com-
pound Ball/string and Elastic Frame

For simplicity, when ¢ is assumed to be 0 in Fig.
1(b) and modal analysis is executed, ball velocity
dXi/dt can be written as follows:

dXijdt=Vr+ Ve+ Vicos ant+ Vs cos wat

+ Vs cos wst+-- (13)
where Vr and Vi represent the velocity components
of the translation and rotation movement of the rigid
body and are the same as above for the rigid body
frame. w; and Vi (i=1,2,3,*) represent the 7th
angular frequency and its velocity component.

Now, the ball impact velocity Vzo (£=0) can be
expressed by the following equation :

Veo=Vr+ Va+ i+ Vot Vs+-- (14)
If t=0in Eq.(7) then Vzo= Vr+ Vz+ V; and, by com-
parison with Eq.(14), the following equation is devel-
oped :

Vi=W+ Vot Vatoo (15)
From Eq.(13) and Eq.(15), the following inequality
can be derived for ball rebound velocity V.

| Vel < Vet Vi — Vi (16)
Therefore, when the beam is elastic the rebound
velocity cannot exceed the rebound velocity obtained
for the rigid body.

Figure 11 shows the changes in each term of Eq.
(13) when an impact velocity of 20 m/s occurs at
impact points 0.60L and 0.769L (node of first mode of
the frame). For reference, the frequency and mode
shape of the ball and racket system at this time are
shown in Fig. 12.

From Fig. 11 and Fig. 12, the third order (second
order of frame) and higher order vibrations of the ball
and racket system appear to have little influence.
When the ball impacts at the node positions of the
frame, the natural frequency of the frame itself
appears as natural frequency of the system and the V;
of the corresponding mode is 0. For impact at the
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node position of the first mode vibration of the frame,
V1=0. If V5 and higher order terms in Eq.(15) are
then ignored, V1= V2 and, from the relationship in Eq.
(16), the restitution velocity increases. Rigid body
movement at impact only serves to remove momen-
tum and adversely affect the restitution. In addition,
rigid body movement is completely unrelated to frame
rigidity and translation movement is unrelated to
impact position. However, from Eq.(9), rotational
movement adversely affects restitution as « increases
thereby having a large effect on the rebound velocity
of the ball.

20 m/s

Voo = 20 m/s
Jotal { = 0
Ely =146 Nm?
ist
0 S W E’otn{in;\' '
rd,
K
_ ! i 1 1 )
203 1 2 3 r 5 ms
(a) Impact point at 0.60L
20 m/s
Jotal
Transiati
0 Rotation
1st 3rd,4th
2nd
_ I 1 ] i ]
2 3 1 2 3 ry 5 ms

(b) Impact point at 0.769Z (Node
of first mode of frame)

Fig. 11 Changes in each term of Eq.(13) for impact
points at 0.60L and 0.769L

! ! ! ! !
! ! ! ! !
i ! ARNe : o) >}
| | i | s
I 1 ! 1] l
; | i | |
0.0Hz 0.0 Hz 100.4 Hz 146.9 Hz 341.3 Hz
(a) 0.60 L
| | | | |
! ! o 3]
| | | | |
! ‘ ! ! !
| | | | |
! ! ! !
i i 1 | I
0.0Hz 0.0Hz 122.1 Hz 127.4 Hz 340.9 Hz
(b) 0.769 L
Fig. 12 Natural frequency and mode shape of ball and

racket system when impact points are 0.60L and
0.769L
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Els

Fig. 13 Effect of frame rigidity on coefficient of
restitution (impact velocities: 20 m/s,
30m/s, and 40m/s)

5. Effect of Frame Rigidity on Coeflicient
of Restitution

Figure 13 shows the changes in the coefficient of
restitution occurring when frame rigidity EL (EL=
0.88E1) is varied from 50 to 3000 Nm® From the
figure, increases in the coefficient are initially rapid,
and then taper off to a saturated condition as frame
rigidity is increased further. The frame rigidity at
which the coefficient begins saturation is higher at
greater impact velocities. The results shown in Fig.
13 are essentially simple with small maxima and
minima and no unevenness whereby racket design can
have an influence. When the damping of the ball/
string system is ignored, equal coefficients of restitu-
tion converge at each impact point regardless of
impact velocity.

6. Conclusion

The major results of the present study are sum-
marized below. ‘

(1) Impact in a ball and racket system is
controlled by the rigid body movement and the first
order (2 node bending) mode vibration of the frame.
The contribution of second order (3 node bending)
and higher mode vibrations of the frame is small.

(2) Although the coefficient of restitution
increases with increases in frame rigidity, this

increase saturates at a certain rigidity. The frame '

rigidity at which saturation is reached is higher for
faster impact velocities and the changes are essen-
tially simple.

(3) The coefficient of restitution is greatly
influenced by the rigid body movement of the ball and
racket system. As impact positions move away from

the center of rotation (nearly the center of gravity of
the racket) the coefficient decreases. As impact
approaches the positions of the nodes of the frame
vibration the coefficient increases.

(4) When the impact velocity of the ball and
racket are fixed, the contact time is affected little by
frame rigidity and is nearly the same as for a rigid
body frame. In addition, contact time changed little at
different impact positions.

The authors would like to thank Y. Tanahashi
(former laboratory director), T. Mizuno, and M.
Takatsuka of the Sports Division at Yamaha Co., Ltd.
for their discussions with regard to this research.
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